A strong laser pulse that is focused into a liquid produces a vapor cavity, which first expands and then collapses with subsequent rebounds. In this paper a mathematical model of the spherically symmetric motion of a laser-induced bubble is proposed. It describes gas and liquid dynamics including compressibility, heat, and mass transfer effects and nonequilibrium processes of evaporation and condensation on the bubble wall. It accounts also for the occurrence of supercritical conditions at collapse. Numerical investigations of the collapse and first rebound have been carried out for different bubble sizes. The results show a fairly good agreement with experimental measurements of the bubble radius evolution and the intensity of the outgoing shock wave emitted at collapse. Calculations with a small amount of noncondensable gas inside the bubble show its strong influence on the dynamics.
I. INTRODUCTION
Theoretical interest in single cavitation bubbles goes back to the last century, when Besant 1 investigated the pressure developed by a collapsing cavity. Experimental interest arose from the finding that cavitation is a cause of erosion, first reported on ship propellers. 2 To clarify the damaging mechanism behind the erosion problem, bubbles have been generated, in numerous studies, near a rigid boundary. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] Such bubbles develop a liquid jet, 3, 5 that penetrates through the bubble. It has been found also that during collapse a cavitation bubble emits a shock wave. 4 Both the jet and the shock waves are possible damaging mechanisms. 6, 10, 13, 14 In current experiments complicated shock wave cascades are made visible using high speed photography with up to 100 million frames per second 15 and schlieren photography. 16 For theoretical treatment of a collapsing bubble near a rigid boundary, a boundary integral method has been used recently to simulate the complicated dynamics. 17 Review articles are in Refs. 18, 19 ; state of the art is presented in Ref. 20 .
In general, two means of single bubble generation have been used: spark generation, where an electrical discharge produces the bubble, 4, 7, 9 and optic cavitation, where the bubble is induced by a laser. 8, 11, 12 In the latter method, a Q-switched laser pulse is focused into liquid. 21 It has become the prominent method for the nucleation of transient cavitation bubbles, because it has some advantages over spark generation, where the electrodes influence the bubble dynamics. Laser-induced bubbles are generated by the optical breakdown in the bulk of the liquid. After plasma recombination the bubble can expand very reproducibly to an almost perfect sphere. Some effort has been put into optimizing the focusing lenses, 22, 23 yielding a short plasma length that is essential for the sphericity of the bubble.
Interest in single, spherically collapsing bubbles has greatly increased in the last decade because of single bubble sonoluminescence ͑SBSL͒. 24, 25 At present, mainly two different theoretical models of bubble collapse under conditions of SBSL are considered. One is the shock wave model 26 -28 in which a spherical-symmetric shock wave develops inside the bubble and converges at the center. In the bubble center a light emitting plasma is created by the shock wave convergence. However, in other studies a shock wave did not occur, [29] [30] [31] [32] and a quasiadiabatic compression model 33, 34 has been proposed.
Light emission from the collapse of laser-induced cavitation bubbles has been termed single cavitation bubble lu-minescence ͑SCBL͒. 35 SCBL has been measured in various experiments with a photomultiplier tube 36 -38 or an intensified camera. 35, 39 Such bubbles do not need a sound field for a strong collapse and light emission. As shown experimentally, 39 the number of emitted photons per flash in SCBL can be much greater, and the pulse duration much longer than for acoustically driven bubbles.
It is important to note further differences between transient laser-induced cavitation bubbles and SBSL bubbles. The bubbles discussed in this paper have a maximum radius between 0.5 and 3 mm and show a corresponding collapse time of about 100 s. Their content consists mainly of vapor, and their lifetime amounts to only a few rebounds. In contrast, SBSL bubbles have a size of a few m, collapse time of a few s, live a long time, and are suggested to have a high noncondensable gas content. Therefore, as one of the key points of the mathematical model for laser-induced bubbles, an appropriate mechanism for evaporation and condensation of vapor inside a bubble must be employed.
Previous authors have considered the influence of evaporation-condensation phenomena on the bubble dynamics.
Fujikawa and Akamatsu 40 were probably the first who presented a mathematical formulation that couples nonequilibrium condensation of vapor and the bubble collapse. That model is based on a number of assumptions reducing the problem to a set of ODEs. Their numerical results indicate that evaporation and condensation strongly influence the dynamical behavior of the bubble and the intensity of the pressure waves emanated from the bubble. They stated that if the condensation rate is not high enough to keep up with the reduction of bubble volume, the vapor in the cavity will behave like a noncondensable gas.
Yasui 41 constructed a simple model of SBSL bubble dynamics that accounts for thermal conduction and effects of evaporation and the condensation of water vapor. In the model, temperature is assumed to be spatially uniform inside the bubble, except at the thermal boundary layer near the bubble wall.
In a paper by Sochard et al., 42 the bubble dynamics has been coupled with the production of free radicals at collapse. Interdiffusion of gas and vapor in the bubble was included as well as evaporation-condensation at the interface. Uniformity of the internal pressure was assumed and an ideal gas law for the gas-vapor mixture was taken.
In the work by Storey and Szeri, 43 the consequences of water vapor in the interior of strongly forced SBSL argon bubbles was investigated. It is mainly concerned with chemical reactions taking place during bubble collapse. It contains a very detailed model for the interior of a bubble that accounts for gasdynamics, transport phenomena, and the equation of state of a gas-vapor mixture. It was shown that water vapor is trapped inside the bubble during the violent collapse. The amount of trapped vapor is controlled by the interaction of bubble dynamics, mass diffusion in the bubble, and a nonequilibrium phase change at the bubble wall.
In all models mentioned above the fluid dynamic problem for the liquid around a bubble has been replaced by a Rayleigh-Plesset-type equation for the motion of the bubble boundary. As a consequence, these models are not suitable for modeling the shock waves emitted by a collapsing bubble appropriately.
Besides, each of these approaches does not consider properly the fact that at collapse the wall temperature exceeds a critical point.
In this paper we try to give some theoretical explanation for the dynamics of a laser-induced cavitation bubble. A mathematical model of the spherically symmetric motion of a laser-induced bubble is proposed, which describes gas and liquid dynamics, including compressibility, heat and mass transfer effects, and nonequilibrium processes of evaporation and condensation. Taking into account that water-vapor interaction must play a major role in bubble dynamics, we have used a detailed Hertz-Knudsen-Langmuir model for evaporation-condensation. The model includes the possibility for the water-vapor mixture to reach and exceed a critical state where the thermodynamic difference between phases disappears. Also, a complicated equation of state of water in the Mie-Grüneisen form is employed, which is valid for very high compression and a reasonable expansion of water.
Numerical investigations have been carried out for different bubble sizes. The results show a fairly good agreement with experimental measurements of the bubble radius evolution and the intensity of the outgoing shock wave emitted at collapse. Calculations show that the presence of a small amount of noncondensable gas strongly influences the bubble dynamics.
II. EXPERIMENTAL STUDY
This section contains information about the experimental setup for bubble generation. It also explains how the measurements of bubble radius evolution and shock wave emitted during bubble collapse have been made. Figure 1 shows the arrangement of the individual components for the experiments on laser-induced cavitation.
A. Arrangement for bubble generation
To induce bubbles a Q-switched Nd:YAG laser ͑Lumon-ics HY750͒ is used. The laser delivers pulses at a wavelength of 1064 nm having a duration of 8 ns. The maximum pulse energy is 780 mJ. For the bubbles discussed in this paper we use laser energies up to 20 mJ. However, to obtain a high pulse to pulse stability the laser is operated at higher energies around 400 mJ and its beam is attenuated by appropriate infrared filters. The repetition rate of the laser can be adjusted to the experimental needs. It is chosen to be sufficiently small that the remaining microbubbles can dissolve or rise due to buoyancy before the next bubble is induced. Here the repetition rate is 1 Hz or below. The laser beam is focused with an aberration minimized lens system into a cuvette filled with clean, distilled water. The lenses are optimized to give a small laser breakdown spot for this wavelength. This is especially important for bubbles in spherical geometry, since in this case it is observed that the bubble does remember its initial shape at breakdown during the final stage of collapse. The bubble is generated at a distance of 25.4 mm from the cuvette wall, which is far enough to get a stable spherical cavity.
14 The cuvette size is 85 ϫ 85 ϫ 75 mm 3 . The water temperature is kept fairly constant at 23°C during the experiments.
B. Observation of radius parameters
In all experiments, apart from that where the shock wave emission is measured with a fiber optic probe hydrophone, a polyvinylidene fluoride ͑PVDF͒ hydrophone ͑CERAM AB, Sweden͒ records the acoustic transients at laser breakdown and bubble collapse. The maximum bubble radius a max corresponds to the collapse time t c -half-time between the two acoustic transients-via Rayleigh's formula, 44 a max ϭ1.09ͱ
͑2.1͒
Here p 0 ϭ1 bar is the ambient pressure, p v ϭ0.0233 bar vapor pressure, and l ϭ998.2 kg/m 3 density of water. To measure the collapse radius and the second maximum after rebound, a min and a max 2 , respectively, two different camera systems are utilized.
For a max 2 a high-speed camera ͑Imacon 700, Hadland Photonics͒ is placed perpendicular to the laser axis and films the bubble dynamics. This image converter camera displays the film sequence on a phosphoric screen. The screen is photographed by a charge coupled device camera ͑CCD, Quantix, Photometrix, 1317 ϫ 1035 Pixel, 12 bit, pixel size 6.8 ϫ6.8 m 2 ͒ that is read out by a computer. The high-speed camera is operated with a rate of 227 000 frames per second and takes 18 consecutive frames with an exposure time of 1 s. Shown in Fig. 2 is an image where the bubble radius has reached its second maximum in the eighth frame. The bubble is illuminated from behind with a short, diffused flash light. Since the bubble radius changes only slowly in time when it reaches a maximum, a max 2 can be taken from these highspeed images with good accuracy. 45 High-speed photography as described above cannot accurately resolve the very fast bubble collapse. This still holds for higher framing rates. By a different technique a stop motion picture of the bubble in the first collapse is obtained, which gives information about the bubble size during collapse. For this purpose a second camera is placed opposite the previously described one. This CCD camera ͑Sensys, Photometrix, 768 ϫ 512 Pixel, 12 bit, pixel size 9ϫ 9 m 2 ͒ is intensified with a multichannel plate ͑MCP with relay lens, PCO Computer Optics͒ and equipped with a long distance microscope. Here the luminescence of the observed bubble serves as illumination. The short luminescence flash has a duration of a few nanoseconds and is emitted exactly in the collapse phase of the bubble. 39 Hence, it is a precise and reliable source for illumination of the bubble in the collapse. Photographic problems resulting from its relative dimness are overcome by using an intensified camera system. The MCP gate is set to 5 s, sufficiently small that no light originating from the laser breakdown is collected. A typical luminescence spot recorded by this technique is shown in Fig. 3 . An estimate of the collapse radius is obtained by dividing the spot width by two.
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C. Shock wave emission
The shock wave emitted at collapse is measured with a fiber-optic probe hydrophone ͑FOPH 300͒. The hydrophone has a thin glass fiber with a diameter of 450 m ͑the core diameter is 140 m͒ that is placed at a distance d above the bubble. In this type of hydrophone the change of the refractive index of water is used to measure the pressure. 47 Thus, a high temporal resolution of 5 ns, which is only limited by the electronic part of the hydrophone, is achieved. The hydrophone signal is read out by a fast digital sampling oscilloscope ͑TDS 784A, Tektronix͒. To obtain a good signal to noise ratio in the experiment the measurements are averaged over 50 bubble shots. Figure 4 shows a typical hydrophone signal for a laser- induced bubble. As the method used to measure the sound wave pressure is an optical one, the optical breakdown of the laser pulse is detected by the hydrophone as well, observed as a strong positive peak ͑A͒. The first and second negative peaks in the signal correspond to the acoustic emission at breakdown ͑B͒ and collapse ͑C͒, respectively. To obtain the actual pressure curve, the signal is inverted, calibrated, and deconvoluted with the impulse response of the hydrophone.
III. THE MAIN ASSUMPTIONS AND SIMPLIFICATIONS OF THE THEORETICAL MODEL
In this paper we do not consider the rupturing process of the liquid by the laser pulse. We assume that after laser breakdown the expansion time for the cavity is long enough to complete the plasma recombination and cool the cavity down to the temperature of the surrounding liquid.
Thus, we start the modeling from the instant where the bubble has reached its maximum radius. At this moment, we assume that the bubble is filled mainly with vapor. A model considering a pure vapor bubble is proposed in Sec. IV. In Sec. V the model is extended for the case of a small amount of noncondensable gas inside the bubble. At least three different sources of noncondensable gas are possible: plasma recombination, chemical reactions, and diffusion from the surrounding liquid. The amount of gas due to the latter source is estimated in Sec. V A, where it is shown to be negligible. The amount from the other mechanisms is not known.
The temperature of the bubble interior is equal to the temperature of the surrounding liquid. The pressure inside the bubble equals the saturation pressure at that temperature. The system is in thermodynamic equilibrium, but not in dynamic equilibrium, because the pressure outside the bubble ͑atmospheric pressure͒ is much higher than the saturation vapor pressure. Due to this difference the cavity must contract.
When the bubble contraction or expansion ͑after the first collapse͒ is not violent and the gas velocity is much smaller than the speed of sound, a homobaric assumption for the bubble interior is used. This means, that during this lowMach period of bubble dynamics, the pressure inside the bubble is assumed to be uniform, although the temperature is not. During this period an incompressible model for the surrounding liquid is used.
To model the violent contraction and expansion of the cavity during the high-Mach period a full set of fluid dynamic equations is employed. The entire region is divided into three zones, namely, ͑1͒ 0рrрa(t)-gas-vapor zone, where r is the radial coordinate and a(t) is the bubble radius; ͑2͒ a(t)ϽrрR(t)-''liquid drop'' zone, filled with a compressible liquid, whose external radius R(t) is about several bubble radii in size and much smaller than the characteristic size of the cuvette; ͑3͒ R(t)ϽrϽϱ-the liquid zone between the ''liquid drop'' and the cuvette wall.
In this scheme, the radial velocity of the ''liquid drop'' wall Ṙ (t) is always small with respect to the speed of sound in water. The liquid zone ͑3͒ between the ''liquid drop'' and the cuvette ͓R(t)ϽrϽϱ͔ can be divided into two regions: an ''inner'' region ͑near-field of the ''liquid drop''͒, where liquid is considered incompressible; and an ''outer'' region ͑far field of the ''liquid drop''͒, where weak compressibility of the liquid is essential. Therefore the behavior of R(t) can be described by a generalized Rayleigh-Plesset equation, which is obtained by matching an ''inner'' incompressible solution and an ''outer'' acoustic solution ͑see Refs. 48, 49 for details͒. Hence, we need to do numerical calculations only in zones ͑1͒ and ͑2͒.
IV. VAPOR BUBBLE MODEL
In this section we consider a bubble that is filled with water vapor only.
A. Low-Mach period of bubble dynamics
To decrease the computational efforts a homobaric scheme for the vapor inside the bubble and an incompressibility condition for the surrounding liquid are used when the velocity in the vapor u v is much smaller than the speed of sound in the vapor C v . We explicitly use this scheme when ͉u v ͉/C v рM crit Ϸ0.3. It has been shown numerically that the results are not sensitive to slight changes in the threshold M crit .
In the homobaric scheme the pressure inside the bubble is spatially uniform, but time dependent. The temperature and velocity of vapor are functions of time and space coordinates. A mathematical model describing such a low-Mach period of bubble dynamics was proposed in Ref. 50 
Three peaks of the fiber-optic probe hydrophone signal ͑see the text͒. The glass fiber is placed 2.2 mm above the bubble center, a max ϭ2.1 mm.
Here p v , T v , and u v are pressure, temperature, and velocity of vapor, respectively, v and ␥ are the heat conduction coefficient and the adiabatic exponent of vapor. The formulas ͑4.1͒-͑4.3͒ have been derived, assuming that the vapor parameters satisfy the ideal gas equation of state,
where v is the density of vapor, ⑀ v its internal energy, and B v its gas constant. The water in the region around the bubble can be treated as nearly incompressible because its density does not deviate significantly from its initial value. In this case the Bernoulli integral 54 can be employed to calculate the pressure distribution in water:
where l0 is the initial liquid density, and p l and u l are liquid pressure and velocity. The liquid velocity distribution is taken as an exact solution of the liquid volume conservation equation for an incompressible liquid,
͑4.7͒
Despite our use of an incompressible approximation for the pressure and velocity fields, a weakly compressible equation of state for the liquid density is employed
where p l0 and C l are the initial pressure and speed of sound in the liquid. This approximation is useful for the matching of the solutions during the low-Mach and high-Mach periods of the bubble dynamics. The temperature distribution around the bubble T l (r,t) is calculated using the equation
͑4.9͒
where c vl and l are heat capacity and heat conduction coefficients for the liquid. All approximations for the physical parameters of water and water-vapor used in this study are based on experimental data presented in Refs. 55, 56. Details are described in the Appendix. The bubble radius a(t) is defined by a generalized Rayleigh-Plesset equation, which takes into account acoustic radiation of the bubble due to liquid compressibility ͑compare Ref. 48͒ and the effect of mass transfer through the bubble wall:
Here j v is the evaporation rate from a unit surface of the bubble wall. Kinetics of the evaporation-condensation processes will be discussed in Sec. IV C. Liquid and vapor velocities at the bubble surface and the velocity of the bubble wall differ due to phase transitions ͑evaporation and condensation͒. This fact is taken into account by the following boundary conditions at the bubble wall:
The matching of vapor and liquid pressure at the bubble wall is done by the standard boundary condition,
Here is the surface tension, and l is the dynamic viscosity of water ͑see the Appendix͒. We neglect the additional pressure jump due to evaporation/condensation because it is always small in our calculations ͓it turns out that ͉u(uϪȧ )͉ Ӷ p/ϷC 2 for both liquid and vapor͔.
B. High-Mach period of bubble dynamics
In the absence of viscosity, diffusion processes, and nonmechanical energy loss ͑due to radiation͒ the equations for the conservation of mass, momentum, and energy ͑including the heat conductivity term͒, which describe the gasdynamics inside the bubble ͓0рrрa(t)͔ and the compressible liquid in the ''liquid drop'' ͓a(t)ϽrрR(t)͔, are the following: 
͑4.15͒
Here , u, p, T, and eϭ⑀ϩu 2 /2 are the density, velocity, pressure, temperature, and the total energy per unit volume, respectively, ⑀ is the internal energy per unit mass, and is the heat conductivity coefficient ͑the indices l and v for water and vapor parameters are omitted for brevity͒.
During the high-Mach period the vapor inside the bubble is modeled as a hard-core van der Waals gas ͓instead of the ideal gas equation of state, Eqs. ͑4.4͒, ͑4.5͒, used in the low-Mach period͔,
where B v ϭ458.9 J/͑kg K͒, ␥ϭ1.3, b 1 ϭ1.694ϫ10 Ϫ3 m 3 /kg, b 2 ϭ1708.6 J m 3 /kg 2 are vapor parameters. 41, 57 The water around the bubble satisfies the MieGrüneisen model. [58] [59] [60] In this model pressure and the internal energy of water are treated as the sum of cold and hot components: cold components are responsible for the elastic properties of water (p c ,⑀ c ), and hot components describe the effects of oscillations of atoms in a lattice (p h ,⑀ h ),
where c V is the specific heat at constant volume, c V ϭ⑀ h /T l is the averaged specific heat, and ⌫( l ) is the Grün-eisen coefficient,
The formula for the Grüneisen coefficient is chosen to approximate experimental data on isothermal and the shock compressibility of water. 61 The cold terms in Eqs. ͑4.18͒-͑4.19͒ correspond to the Born-Mayer potential, 62, 63 which accounts for the intermolecular properties of the condensed medium,
͑4.24͒
Here the first terms describe the repulsion forces and the second terms stand for the attraction forces between atoms in a lattice. A, b, and K are constants, which have been determined from experimental data of isothermal and shock compressibility in water: 61 Aϭ3.492ϫ10 8 Pa, bϭ16.0558, K ϭ8.283ϫ10
8 Pa. The specific heat is chosen to be constant,
The set of equations ͑4.18͒-͑4.24͒ satisfactorily describe the properties of water in the range of normal and high densities. To extend it to low densities, which usually form near the bubble wall during the compression stage, some corrections of the model are applied.
First, the Grüneisen coefficient ⌫( l ) now for l Ͻ l0 is set to satisfy the experimental data for saturated water at the binodal curve, 32, 55 
The second correction is related to the internal energy value. According to the thermodynamic theory the internal energies of vapor and water have to be in accordance with each other on the saturation line ͓ pϭ p S (T)͔,
where l(T) is the specific heat of vaporization and the index S corresponds to saturation ͑see the Appendix͒. We describe vapor and water with different equations of state. Therefore we have to use a correction to match the internal energies. For this purpose we replaced Eq. ͑4.19͒ with
where the formulas
TϽT cr , approximate the tabulated value of l(T). The motion of the ''liquid drop'' surface ͓R(t)͔ is described by a generalized Rayleigh-Plesset equation ͑4.10͒, where a is replaced by R, ȧ and u l ͉ rϭa by Ṙ , p l ͉ rϭa by p l ͉ rϭR , and the evaporation term j v is omitted. This approximation is appropriate for the ''liquid drop,'' because the radial velocity of the ''liquid drop'' wall Ṙ (t) is always small with respect to the speed of sound in water.
C. Evaporation and condensation
To describe evaporation and condensation processes, the following boundary condition for the temperature gradients at the bubble wall is used:
Analysis of the carry-away process of vapor molecules and their precipitation on the interface leads to the HertzKnudsen-Langmuir formula for the resulting phasetransition intensity: 40, 51, 64 
Here ␣ is the accommodation coefficient that shows which portion of vapor molecules striking the liquid surface is ab- 
͑4.32͒
In general, the phase temperature on the interphase boundary undergoes a jump,
where ͓T͔ denotes the temperature jump. An analysis of the transfer processes in a thin Knudsen layer of vapor ͑having a thickness of a few mean pathlengths͒ leads to 51 ͓T͔ϭ0.45
͑4.33͒
The calculations of the present study show, however, that the value of the temperature jump does not considerably influence the solution of the problem. The heat conductivity coefficients for vapor and water v and l , liquid viscosity l , surface tension coefficient , saturated vapor pressure p s , and the specific vaporization heat l are approximated from tabulated data ͑see the Appendix͒.
The Hertz-Knudsen-Langmuir theory presented above is valid only below a critical point ͑for water T cr Ϸ647 K, p cr Ϸ221 bar͒, where a thermodynamic difference between water and water-vapor exists. Above that point the model works as described in the following.
In the Hertz-Knudsen-Langmuir formula, the mass transfer of water vapor through the bubble surface strongly depends on its temperature. From the very beginning of bubble contraction the condensation process takes place and the wall temperature rises. When the wall temperature exceeds a critical point the mass exchange stops naturally since there is no difference between the two media on the bubble surface.
It is important to note that at the critical temperature the vapor pressure is equal to the critical pressure as well. Three typical isothermal PϪV curves are presented in Fig. 5 . The critical point is marked as K. The isothermal curve that corresponds to TϾT cr lies above K, the curve that corresponds to TϽT cr lies below K, and the curve that corresponds to T ϭT cr passes along the critical point K. The isothermal curves at TϽT cr are not monotonous and possess one local minimum and one local maximum. These two extreme points move to each other while the temperature rises and unite when TϭT cr . The curves A 2 K and KB 2 are characterized by the equation (‫ץ‬p/‫ץ‬V) T ϭ0, which describes the local minimum and maximum of the isothermal curve, respectively. The curves A 1 K and KB 1 represent the points in the PϪV diagram that are characterized by the pressure p at its local maximum and minimum, respectively, but specific volume V different from the extreme values, on the other side of the curve. As can be seen from Fig. 5 , the possible states of vapor and water lie in the shaded regions between the curves A 1 KB 1 and A 2 KB 2 , that display the spinodales: the two possible states of a metastable medium. The blank interior region consists of unreal states, for that (‫ץ‬p/‫ץ‬V) T Ͼ0. The wall temperature, the pressures, and the densities of water and vapor at the phase interface change continuously in time but the trajectories of the vapor and water states in the P ϪV plane are located in the regions B 1 KB 2 and A 1 KA 2 , respectively. So, during bubble contraction the wall temperature rises and the water and vapor states continuously converge to the critical point K.
In the numerical calculations the critical value of the wall temperature does not exactly correspond to the critical pressure. This is due to the rather coarse approximations for the equations of state for vapor and water and to numerical errors resulting from the thin temperature boundary layer approximation. However, the critical point is reached when the bubble wall velocity is already very high. Therefore the final amount of vapor in the bubble is not influenced considerably.
In the calculations the mass exchange is carried out up to the point when the vapor wall pressure exceeds p cr . Above that point the mass transfer between gas and liquid is stopped, and the further solution is built up with ''noncondensable vapor.'' Here, the surface of the bubble is easily determined: because the supercritical region is very thin, the real boundary is close to the calculated one. When the boundary pressure falls down below the critical value after collapse the procedure of mass transfer is switched on again.
V. GAS-VAPOR BUBBLE MODEL
In the previous section it has been assumed that the bubble consists of vapor only. A real bubble contains, of course, additionally a small amount of noncondensable gas. This might have come from the surrounding liquid due to diffusion, and might have been produced by plasma recombination and chemical reactions. Chemical and recombination processes are out of the scope of this paper, and a direct calculation of the noncondensable gas content in the bubble is impossible here. As will be shown, however, noncondensable gas has an influence on the cavity evolution. In this section we present an appropriate mathematical model for a bubble containing a small additional amount of noncondensable gas.
A. Gas diffusion into the bubble
We first approximately calculate the diffusion air flux into a laser-induced cavity and thus estimate the mass of gas absorbed by the bubble during its first expansion.
The diffusion problem is the following:
Here c(r,t) is the mass concentration of gas dissolved in the liquid near the bubble wall, c ϱ the gas content in the liquid far from the bubble ͑assumed to be constant͒, and D l is the diffusion coefficient. The effective thickness of the diffusion boundary layer is estimated to ␦ϷͱD l e , where e is the characteristic time of the expansion, which is about 10 Ϫ4 s. For the diffusion co-
the boundary layer is very thin (␦ Ϸ10
Ϫ6 m, ␦/aӶ1).
Therefore the gas concentration distribution near the bubble wall can be approximated by the following exponential formula:
where the thickness of the diffusion boundary layer ␦(t) is a not predetermined function of time, which must be specified to fulfill the diffusion problem ͑5.1͒, ͑5.2͒ in some sense, as will be seen later.
We substitute the gas content distribution ͑5.3͒ into the diffusion equation ͑5.1͒ and integrate over the liquid volume. Finally, we reduce the partial differential equation ͑5.1͒ to the following ODE for the thickness of the diffusion boundary layer:
͑5.4͒
One can compare Eq. ͑5.4͒ for the thickness of the boundary layer with the equation for the mass of gas in the bubble m g ,
͑5.5͒
A comparison of the right-hand sides of Eqs. ͑5.4͒ and ͑5.5͒ leads to
which gives
where m g * is the initial mass of gas in the bubble. Now we rewrite Eq. ͑5.4͒ for the mass of the gas in the bubble in the following form:
͑5.8͒
This equation has to be coupled with the bubble dynamics by Henry's law c a ϭHp g , where p g is a partial gas pressure in the bubble and H is Henry's law constant.
The partial gas pressure in the bubble is very low during most of the expansion time, so that c ϱ Ϫc a Ϸc ϱ . Also, during a long time aϷa max . Thus, Eq. ͑5.8͒ leads to the following upper estimation for the gas mass:
Taking the characteristic values a max Ϸ10 Ϫ3 m and H Ϸ10 Ϫ10 Pa Ϫ1 , we get the following estimation: m g Ϸ5 ϫ10 Ϫ14 kg. This is three to four orders of magnitude less than the mass of the vapor at the maximum bubble radius. As will be shown below, this amount of noncondensible gas is not able to change the bubble dynamics considerably. But its order of magnitude fits well to the experimentally observed size of remaining microbubbles (a * Ϸ10 m͒ rising due to buoyancy after all vapor is condensed.
B. Main equations of the gas-vapor model
Now we consider the gas phase in the bubble as a mixture of two components: vapor and noncondensable gas, whose initial mass is much less than the vapor mass. To model the problem, the energy equation for the vapor phase ͑4.15͒ is replaced by the following equation for the gasvapor mixture:
where k, D, and l are the relative vapor mass concentration, the coefficient of binary diffusion in the gas phase, and the enthalpy, respectively. The vapor mass concentration k is calculated by the diffusion equation,
͑5.11͒
To calculate the vapor and the gas properties, the following accessory equations are applied:
͑5.13͒
Here the subscript v is related to the vapor and g to the gas. Gas-vapor mixture parameters are denoted with no subscript. The noncondensable gas in the bubble is modeled as a van der Waals gas ͑4.16͒, ͑4.17͒ with parameters of air:
2 . We assume that the amount of gas dissolved in the surrounded water is small and does not influence the liquid dynamics. We then still use ͑4.6͒-͑4.12͒ or ͑4.13͒-͑4.15͒, ͑4.18͒-͑4.28͒ to describe the liquid motion. The mass concentration c of gas in water is described by
͑5.14͒
The boundary conditions at the bubble surface become
͑5.16͒
Here Finally, Eqs. ͑4.1͒-͑4.3͒ express the homobaric scheme of the vapor-gas mixture change. Adding diffusion, they become
where c p is the specific heat at constant pressure.
VI. NUMERICAL METHODS
The homobaric model of vapor and gasdynamics is solved on the basis of a second-order implicit scheme in time and space, and the Dormann-Prince method 68 is applied to solve the generalized Rayleigh-Plesset equation.
The system of partial differential equations ͑4.13͒-͑4.15͒ is solved by a first-order Godunov scheme 69 in mixed Eulerian-Lagrangian coordinates. A time splitting procedure is used. In this procedure the set of equations is divided into two separate systems: the hydrodynamic system of equations ͑without the heat conductivity term͒ that is solved first, and the heat conductivity, that is accounted for at the second step. The solution of the hydrodynamic system, or Euler equations, is based on a local Riemann problem for each couple of computational cells. The heat conductivity is implemented using a second-order spatial approximation.
The ratio of the cell lengths in the gas and in the water at the bubble surface is chosen to satisfy the thermodynamic condition: ⌬r l /⌬r v Ϸͱk Tl /k Tv , where k T ϭ/c p for liquid and vapor, respectively. The initial outer radius of the liquid drop R(0) is 1.5a 0 .
VII. RESULTS
In a first step the vapor bubble model as presented in Sec. IV has been applied to calculate the dynamics of a laserinduced bubble with a max ϭ1 mm. The radius-time curve and the dependence of the vapor mass on time are shown in Fig. 6 . At the initial moment, when a 0 ϭa max , the pressure inside the bubble equals the saturated vapor pressure p v0 ϭp S ϭ2330 Pa at T v0 ϭT l0 ϭ296 K, which is much less than the liquid pressure p l0 ϭ1 bar. Because of this jump, the bubble starts to contract. Hence, pressure in the bubble rises. This leads to a vapor mass loss due to the condensation process on the bubble surface, as is implemented through Eq. ͑4.30͒.
Naturally, the bubble contraction is accompanied with a vapor temperature rise. The liquid near the bubble wall is also heated due to a heat exchange between vapor and water and to latent heat emitted at the bubble wall. In the beginning the bubble contraction is not violent, allowing us to use the low-Mach approximation presented in Sec. IV A. As the bubble wall acceleration goes on, the vapor velocity ͓see Eq. ͑4.11͔͒ increases and the Mach number ͉u v ͉/C v approaches a critical value. This moment is marked by the first black dot in Fig. 6 . The full model as presented in Sec. IV B is used after this moment.
It is important to note that during contraction we always have nonequilibrium condensation due to the heat conduction inertia ͑mainly of vapor͒. The faster the bubble collapse is, the farther the vapor is from its thermodynamic equilibrium with water.
When the vapor pressure reaches the critical value p cr Ϸ221 bar, the vapor temperature reaches its critical value as well, T cr Ϸ647 K, and the condensation process stops ͑see the discussion in Sec. IV C͒. From this moment the bubble contracts as if it were filled with ''noncondensable vapor.'' That leads to an even faster rise of the vapor pressure until the contraction stops and the bubble begins to rebound. Figure 7 presents the calculated results at around the minimum bubble radius as a function of time. Here the bubble radius, vapor pressure, and temperature of the center of the bubble versus time are plotted. The moments at which the evaporation-condensation process at the bubble wall stops and starts again are displayed by arrows.
The spatial distributions of pressure and temperature at around the time of collapse are displayed in Fig. 8 . The vertical lines on the pressure profiles mark the respective vapor bubble radius. There are no shock waves observed inside the bubble during the collapse time-the pressure and temperature distribution are almost uniform along the bubble interior ͑that is actually an indication that the homobaric approximation that has been used for the modeling of the low-Mach period of bubble dynamics is quite well͒. We see a strong outgoing shock wave in the liquid (tϭt 4 in Fig. 8͒ . This results from the nearly adiabatic compression of the bubble's interior. The maximum pressure value in the center at collapse is about 10 5 bar and the temperature reaches 10 4 K ͑see Fig. 7͒ , which is quite enough to produce light. 34 The calculated minimum bubble radius is about 14 m and at collapse the mass decreases down to 6% of the initial value. These results have been obtained for an accommodation coefficient ␣ϭ0.075 in ͑4.30͒. The accommodation coefficient is chosen to fit the experimentally measured value of the maximum bubble radius after rebound a max 2 . All further numerical simulations for the different initial bubble radii have been carried out with that same value of ␣. Figure 9 presents a comparison between experimental data ͑symbols 39 ͒ and the numerical results ͑a solid line with dots͒ on the minimum bubble radius at the collapse (a min ) and the maximum bubble radius of the first rebound (a max 2 ) for different initial bubble sizes (a 0 ϭa max ). The calculations agree well with the experimental data. Some small systematic deviation for a min may be due to an asphericity in the bubble collapse that grows for larger a max .
Using the gas-vapor model presented in Sec. V, in which the binary diffusion of gas and vapor inside the bubble and the gas diffusion in the surrounded liquid is accounted for, a number of numerical experiments have been carried out. Our main goal in this study was to estimate the influence of a small amount of noncondensable gas on the dynamics of a laser-induced vapor cavity. It should be noted here that the effect of the gas diffusion out of the liquid through the bubble wall turned out to be negligibly small during the time period considered. Therefore the gas concentration in the liquid does not influence significantly the solution, which is, in fact, mainly influenced by the initial amount of noncondensable gas inside the bubble.
Calculations with an initial vapor concentration of 99% ͑i.e., 1% of noncondensable gas͒ have been carried out. The other parameters have been the same as in the calculations for the vapor bubble model. The now observed minimum bubble radius at collapse is equal to 16.5 m, the maximum radius of rebound equals 360 m and the total mass of gasvapor mixture at collapse approximately equals 8ϫ10 Ϫ12 kg. Comparing these data with the results obtained without gas ͑see in Fig. 6 : a min ϭ14 m, a max 2 ϭ290 m, and m min ϭ5.5 ϫ10 Ϫ12 kg, correspondingly͒ we conclude that a small addition of noncondensable gas strongly influences the bubble dynamics.
To explain this phenomenon we consider the spatial distribution of the vapor concentration during the compression stage of the bubble. As shown in Fig. 10 , the concentration profile of vapor is strongly not uniform near the bubble wall: kϭ0.99 at the center and kϷ0. 65 at the boundary. The condensation process on the bubble wall is much faster than the binary diffusion inside the bubble and the gas diffusion in the liquid. Thus, the molecules of vapor simply leave the bubble, while the mass of gas near the bubble wall stays the same and the vapor concentration drops. Therefore the partial vapor pressure near the bubble surface essentially decreases, the condensation rate stops, and a resulting greater final mass is found in the bubble in collapse. Effectively a gas shell at the bubble wall is formed. Figure 10 also presents the calculated results for the maximum bubble radius after rebound, a max 2 , and the peak temperature in the bubble center, T max , at collapse for different initial vapor concentration values. We see in this plot that the increase of noncondensable gas amount from 0% up to 10% leads to a sharp growth of a max 2 from 290 up to 620 m and to a decrease of the maximum temperature at bubble collapse T max from 10 000 to 5200 K.
A comparison of experimentally measured amplitudes of the outgoing shock waves with numerical results has been made. The results are presented in Fig. 11 wave intensities for different maximum bubble radii averaged over 50 bubble shots are shown in Fig. 11 by open squares. Here the pressure wave is measured with a fiberoptic probe hydrophone ͑see Sec. II C͒. The glass fiber of the hydrophone is adjusted at a distance dϭ3 mm above the bubble. The results of the calculations made for three different maximum bubble radii are shown by circles. Both experimental and theoretical results show a linear dependency of the shock wave pressure amplitude on a max with an almost equal slope. Theory gives slightly lower-pressure amplitudes, which, however, are in reasonable agreement with the experimental data.
VIII. CONCLUSION
A mathematical model for the spherically symmetric motion of a laser-induced bubble is proposed. This model accounts for gas and liquid compressibility, heat and mass transport effects inside bubble and liquid, as well as thermodynamics of evaporation-condensation phenomena at the bubble wall. The model takes into account that the bubble consists mainly of water vapor and a small amount of noncondensable gas. There are two free parameters in the model: the accommodation coefficient of evaporation-condensation and the mass concentration of noncondensable gas in the bubble. Calculations start at the moment when the bubble passes its first maximum radius.
A number of numerical simulations of the bubble dynamics have been done on the basis of the presented model. Calculations of the minimum radius at collapse and the second maximum radius after rebound have been made for different initial bubble radii. They show a good agreement with experimental data. The experimentally measured intensities of shock waves emitted by laser-induced bubbles at collapse also coincide with theoretical results.
Calculations predict that the presence of a small amount of noncondensable gas inside the bubble greatly influences its dynamic, essentially decreasing the condensation processes on the bubble surface. This leads to a higher bubble rebound and a lower temperature in the bubble at collapse. It is shown that the mass of noncondensable gas coming into the bubble from the surrounding liquid due to diffusion is negligibly small to influence the dynamics of a vapor cavity ͑about 0.05% of the vapor mass͒.
However, noncondensable gas might also be produced by plasma recombination at the initial stage of bubble expansion after laser-induced breakdown and by chemical reactions during all the period of bubble dynamics. Thus, to clarify the problem of noncondensable gas presence in a laser bubble, plasma recombination phenomena, and chemical reaction kinetics should be investigated carefully. 
